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Abstract : We have derived and tested several relations between geoid ( N) and quasi -geoid ( () with model 
validation. The elevation correction consists of the first-term (Bouguer anomaly) and second-term (vertical 
gradient of gravity anomaly) . The vertical gradient was obtained from direct measurement and terrain calcula-
tion. The test results demonstrated that the precision of geoid can reach centimeter-level in mountains less than 
5000 meters high. 
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1 Introduction 
To convert quasi-geoid into geoid, the key is to solve 
the terrain effect in geoid ( N) , which is above the qua-
si-geoid (C). This was done differently by different au-
thors. Sjoberg[l] and Bian[2 l took into account of the 
quadratic term of elevation ( H) by using methods 
which were more precise than the approximate equation 
given in reference [ 3 ] . In reference [ 1 ] , the vertical 
gradient of "mixed gravity anomaly" on ground points 
was applied as quadratic coefficient of H; in reference 
[ 2] the vertical gradient of pure gravity anomaly was 
used. In either case , the difference is very small. 
These studies have provided a theoretical basis for cal-
culating precisely the orthometric height ( H0 ) and N, 
in case of known HD ( normal height) and (. Zhang et 
al [ 4 ] derived geoid and orthometric heights of the 
Mountain Qomolangma with the above-mentioned for-
mula and found the result to be satisfactory. With the 
development and application of InSAR and SRTM to 
topographical, geological , and geophysical prospec-
ting , more attention has been paid to applications of 
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the equation of ( N-() with the quadratic term about 
terrain relief taken into consideration[Sl. 
In this paper, we first give a derivation of a new e-
quation for ( N -() . After presenting its interpretation , 
we then show the results of applying the equation to 
three different models. 
2 A new formula for ( N-{) and its 
interpretation 
Following is a relationship ( Fig. 1 ) between orthomet-
ric height (H.) and normal height ( Hn) or between 
geoid and quasi-geoid[2J : 
p 
H 
Q 
z 
Figure 1 Sketch of points P, Q and their relationships with 
geoid, quasi-geoid reference ellipsoid and earth' s surface 
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H.-H,=N-{=~H. 
g 
(1) 
The normal gravity y is an analytical function. So its 
mean value y can be calculated easily by using theoret-
ical formula. However the calculation of mean gravity g 
requires detailed information related to rock density 
and terrain relief. 
Owing to 
(2) 
Where P is the point of interest, g, is the gravity at 
point P on the earth swface , 'Y P is normal gravity, and 
l!g, is gravity anomaly. It is assumed that there is no 
mass between P and the earth ' s surface. The partial 
derivative of gravity (g) is 
(JKI _il}'l +M~rl 
ah ., - ah , ah , (3) 
For a point inside the terrain 
(4) 
where, G is the Newtonian gravitational constant,p is 
the bulk density of earth ' s crust , and we let p = 
2670 kg/m3 • In the above equation, the subscript 
" + p" indicates that the partial derivative is evaluated 
from space to the ground , whereas subscript. " - p" , 
the partial derivative from inside of the terrain to 
ground. 
If expand the actual gravity inside the topography in-
to Taylor series and adopt only its first-order term, then 
the gravity for the internal point Q at a distance Z from 
the geoid is 
g, =g_, -~ I,<H-Z) 
=g,- (~I p +¥f I +411Gp) (H-Z) (5) 
If we neglect the variations of aylah with latitudes 
and elevations ( which are smaller than orthometic 
height (H.) ) , then 
g,=g,-( -0.3086+¥f+411Gp)(H-Z) (6) 
where (H-Z) is in kilometer unit. 
The value of g is obtained by integrating the mean 
value of g, in the vertical direction, ie. 
g = ~{.g,(z)dz 
= ~ t [ g, - ( - 0. 3086 + 411kp + 
Mfr)(H -z)]dz 
ah 
_ H( M/r 
- g, - 2 - o. 3086 + 4"'Gp + ah ) 
From reference [ 2] , we have 
y = ~ t ydz = 'Yo - 0. 3506 ~ 
Therefore, 
g -y =g, +0. 3806 ~ -211GpH-
HMfr H 
2 ah -y, +0. 3806 2 
(7) 
(8) 
(9) 
Following the definition of Bouguer anomaly, we have 
(10) 
where 'Yo is normal gravity on the reference ellipsoid. 
Equation ( 9) can be further simplified as : 
- --A~ H Mir g-y--- 2 ah ( 11) 
Substituting equation ( 11 ) into equation ( 1 ) , we 
have 
(12) 
Here bnth subscript and superscript nf H are neglec-
ted, because the precision of calculation is not sensi-
tive to the omission , even if the difference between the 
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orthometric and normal heights is as large as several 
meters. 
Note that the above-derived result is only slighdy 
different from the equation derived by Sjoberg[!] : 
N-Y=t.g'H-1_ at.g1H' +0(11') 
• 'Y 2y ah ( 13) 
But the second term on the right side of equation 
( 12) contains only vertical gradient of gravity anoma-
ly, which is the difference between actual gravity and 
normal gravity at the same point. However, in equation 
( 13), the free-air gravity anomaly (L1g1) is not at the 
same point , and it contains 0 (II' ) . The derivation of 
equation ( 12) is simpler and more convenient['!. 
The second term on the right side of equations ( 12) 
and ( 13 ) are second order, and correlated direcdy 
with the gradient of gravity anomaly. So the local effect 
is rather significant. H Bruns ' formula portrayed the 
relationship between the vertical gradient of gravity a-
nomaly and mean curvature of the geoid, then , the 
vertical gradient of gravity anomaly describes the devia-
tion of the mean curvature of geoid from that of quasi-
geoid. Thus, the geometrical concept of geodesy is cor-
related with the mechanials concept. 
The first term in equation ( 12) represents the effect 
of regional gravity field , whereas the second term, the 
effect of local field. Only by considering both of them 
can we transform more completely from quasi-geoid into 
geoid, both physically and numerically. 
3 Check of derived equation for 
(N -l) [2,nJ 
To check the derived equation, we considered the fol-
lowing three models. 
3. 1 Model I (Hemisphere) 
Suppose that the earth's surface is smooth and AOA' 
is its reference plane ( Fig. 2 ) , which is covered by a 
hemisphere-shaped high mountain ( an anomalous 
body) , with radius R and height ( the distance from 
top P to coordinate origin) ; let H = R = 3000 m and 
the density of hemisphere to be the same as the mean 
density of rocks, 2670 kglm3 • Suppose that the normal 
gravity ( y ) of the reference plane is 980000 X 
10 _,ms _,, then the gravitational potential on top of the 
hemisphere can be derived by using reference [ 11 ] . 
A 
p 
0 R A' 
Figure 2 Sketch of computing (N -{) with 
fonuula( 12) aod model hemisphere body 
V(P) =2-rrGp( 2 .j2 _l_)R' (14) 
3 2 
Obviously the height of quasi-geoid (height anoma-
ly) is 
( = V(p )/y =0. 446 m (15) 
It is necessary to regard P 0 as an internal point for 
the gravitational potential , since P 0 is on the geoid and 
close the point 0. In the same way , we can derive the 
distance from geoid to origin 0 ( by neglecting the 
effect caused by the anomalous mass) 
V(p0 ) = -rrGpR' ( 16) 
N = V(p0 )/y =-rrGpR2/y =0. 503 m (17) 
Therefore N- ( = 0. 57 m. 
From reference [ 11 ] we can also derive the gravity 
anomaly at point P caused by this anomalous mass 
t.g(p) =2-rrGp( 1 - f)R 
= 177.4 x 10 -•ms _, 
The Bourguer anomaly is : 
L1g, =t.g(p) -2-rrGp 
=0. 774-335.7 
= -158. 3 X 10 -•ms _, 
(18) 
The vertical gradient of gravity anomaly from refer-
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ence [ 11] IS 
adglah =; VZ'Il"Gp = -1319 x1o-•s-2 (19) 
From this result and equation (12) , we obtain, N-
{ =0.119 m. 
This value differs from the difference between the re-
sults calculated by using equations ( 15) and (17) by 
0. 062 m ouly. 
3. 2 Model n (spheroid) 
Suppose there is a spherical mass[ 12 J with constant den-
sity (p1 = 3000 kglm3 ) and a radius (R1 = 6 km); 
with one baH of the mass exposed to the earth ' s atmos-
phere and the other haH buried in the earth (Fig. 3) . 
A R, 0 A' 
Figure 3 Sketch of computing ( N- i) wilh model 
spheroid and formula ( 12) , AA' is terrain level 
Assuming a mean density (p,) of 6000 kg/m3 and a 
radius R, of 6000 km for the earth, then the gravity at 
the reference plane is 1005812. 3 X 10 -'ms -2 , and the 
gravity anomaly on top of the anomalous sphere is 
The Bourguer anomaly is 
t.g, =J.g0 -211"Gp1R1 
2 
= - 3'~~"Gp,R, 
= -251.5 xlO-'ms-2 
The height anomaly is 
(21) 
(22) 
The height of geoid is 
N = ; G11"p1 (3R2 - N2 )1y =4. 50 (23) 
The vertical gradient of gravity anomaly at P is 
(24) 
and B -{ =4. 50-300 = 1.50 m. 
This result is identical to the difference between the 
normal and orthometric heights calculated from gravim-
etrical and leveling data 1' 1• 
3. 3 Model m (two spheroids in isostatic compen-
sation) 1' 21 
Assume that two spheroid -shaped anomalous bodies 
with radius R1 of 30 km are isostatically compensated 
with each other, the upper spheroid has a positive den-
sity of 3000 kg/m3 and the lower spheroid has a nega-
tive density -3000 kglm3 ; the reference plane 
( AA ' ) is tangent at P ' ( Fig. 4 ) . The distance be-
tween the centers ( 0 , 0 ' ) is ho = 3000 m, the line 
PP' is perpendicular to the reference plane. Assume 
also a normal grsvity of 'Y = 979729 X 10 _, ms -2• In 
this case , the height of the quasi -geoid caused by the 
anomaly potential is 
A 
7 
0 
0' 
Figure 4 Sketch of computing ( N - i) 
with model ( two spheroids isostatical 
compensated) and formula(12) 
A' 
No.4 Zhang Chijun, et al. Refming geoid and vertical gradient of gravity anomaly 5 
(25) 
where L1g0 = Gm/y0 = 2514 X 10 -s ms -2 , and m is the 
total mass of the spheroid. 
The height of geoid can be determined from the fol-
lowing formula: 
=7.312 m (26) 
Thus N -( =0. 316 m. 
The gravity anomaly at point P produced by the two 
spheroids is 
=436 X 10-5 ms - 2 (27) 
By subtracting the Bouguer plate correction 377 X 10 _, 
ms - 2 from L1e",, we obtain Llg, =59 X 10 -s ms -2 • The 
vertical gradient of gravity anomaly is 
= -0.1676 +0.1259 
= -417 E (28) 
Substitutiog the above result into the equation ( 12) , 
we obtain 
N-(=0.312 m 
Comparing this value with the above-mentioned re-
sult of 0. 316, we see that the difference is 0. 056 m, 
which is fairly small. 
Although the above-mentioned 3 models can ' t repre-
sent the real earth fully, our check shows that, by tak-
ing account of the quadratic term of elevation, the ( N 
- () value has a higher precision. 
4 Vertical gradient of gravity anom-
aly and corresponding topography 
Assuming that H axis is perpendicular to the tangent 
plane of the gmund in the opposite direction of gravity 
g. Fromg=y+Llg, we have: ogloh=oyloh+oLlgl 
oh, where L1g is gravity anomaly. If g and 'Y are loca-
ted at the same point, then they have the same gravity 
anomaly. In the case of low attitude , the influence of 
the first-term may be ignored, and the average value of 
the anomaly on earth ellipsoid is - 3086 x 10 - 9 s - 2 , 
which changes with the terrain near the measunng 
point. 
Previously , vertical gradient of gravity was less 
used, especially in mountainous areas. Here we review 
three cases of measurements made by Bodemuller in 
Germany["], by Fajklewica z J["l and the Changchun 
Geological Bureau in Tibet["] , and along a profile in 
Poland with terrain correction. The vertical gradient 
was computed from the difference between two meas-
urement points. 
Bodemulle made the gravity-gradient measurement 
with a Sharpe gravimeter at nearly 50 points at intervals 
from 70 to 1000 m in Harz and Gebiet hills in Germany. 
Because of the terrain ' s complexity , the variation of 
the vertical gradient was dramatic ( Fig. 5 , mark on is 
opposite to normal gravity values) . 
In the case of Tibet, the vertical gravity -gradient 
survey was made with a Worlder 169 gravimeter along a 
profile 3. 35 km long; the best precision reached was 
1 X 108 ms - 2 • The elevation difference in every point 
was 500 m , and terrain correction was carried at every 
measurement point ( Fig. 6 ) . The radius of tomo-
graphic correction was between 1. 6 km and 2. 5 km . 
Figure 7 shows the result of Fajklei Nicz' s test in 
Boula. The height of tripod was as high as 5 meters. 
From these examples, we observe the following fea-
tures for the vertical gradient: 
1 ) Its change was significant in mountainous areas , 
with values ranging 1720 - 4420 ns - 2 ( 1 ns -2 = 1 X 
10 -9 s -2 ) , which are quite different from the normal 
value of - 3086. 
2 ) Its distribution curve was close to the shape of 
the mountain. After terrain correction, we found there 
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Figure 5 Gravity vertical gradient values in Gebiet Mountain 
measurement value before 
topographic correction 
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The value after topographic 
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Figure 6 Vertical gravity-gradient values in Tibet, and its elimination by topographic correction 
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Figure 8 Gravitational effect of the relief on the measurement results of the vertical 
gradient values, and its elimination by topographic correction 
nearly was a linear correlation between the topographic 
relief and the vertical gradient of gravity disturbance , 
meaning that the vertical gravity gradient was domina-
ted by the terrain in the vicinity. 
3 ) The vertical gradient was not impacted by the 
elevation of the survey points, from the high -altitude 
region of Qinghai-Tibet Plateau to the low-altitude 
belt of the Shanghai ( She shan) in agreement with 
reference [ 16 ] . 
4) From figure 6 , we see that the two curves do not 
match completely , suggesting that terrain correction 
was effective within a radius of 1600 m. 
5 Similarity between terrain undula-
tion and gravity-gradient variation 
Since the vertical gradient of gravity anomaly is the 
second derivative of gravity-anomaly potential in radial 
direction, it is more sensitive to substance close to the 
surface of the earth. Assuming aL1g = a2 ~, here H is 
az aH 
elevation, Z axis point to the zenith , and Y axis point 
to the north. Let L1p denote the mass disparity, V the 
total volume of the anomalous material , and dv = 
de dTJdC the volume element. Then the vertical gradi-
ent[sJ is: 
(29) 
and the gravity anomaly is: 
(30) 
The distance between the volume element and origin 
( 0 '0 ' 0 ) is d = I ( g2 + TJ2 + C2 ) 0 Thus aL1y is in-
az 
versely proportional to the cube of distance and L1g is 
inversely proportional to the square of distance. Since 
L1g is also related to C I d = cosa , only the mass below 
poin it plays an important role. 
Since deeper mass associated with higher-order terms 
has small effect, the vertical gradient of gravity anoma-
ly can be computed approximately from local terrain 
and density data. 
In fact, analysis of our own and previous data shows 
that in mountain areas L1g has a highly linear correla-
tion with the topography. For example, the correlation 
coefficient at Everest north and south sides are 0. 97 
and 0. 96, respectively. Thus the error of gravity a-
nomaly calculated from terrain undulation is only 3 -
4~ ~ aL1g ~ aL1g( ) 0 
• aH dH dH dH mr 
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We have calcuated the vertical gradient of gravity a-
nomaly by using terrain and rock density data on Ever-
est , Shesban , Shennong top aod Wildcat Hill, aod ob-
tained the values of -1139, -934, -543, -415 X 
10 _, s - 2 , respectively. These are quite close to the 
measured values of -874, -510, -392 X 10 _, s -2 • 
6 Quadratic-term effects of elevation 
in mountain areas and accuracy of ge-
oid estimation 
If we ignore the impact of the quadratic term, which is 
related to the vertical gradient, on the right side of e-
quation ( 12) , then it is not possible to obtain geoid 
with centimeter accuracy in alpine areas. The first term 
in the equation depends mainly on elevation aod Bou-
guer anomaly, which is easy to calculate. In mountain-
ous areas , the vertical gradient may increase dramatic-
ally to almost close to the first item. For a mountain 
5000 m high , for example, the gradient is - 934 
ns -l, and its impact is 1. 18 m; for Everest of 
8844. 43 m, the gradient is - 1139 ns - 2 , and its im-
pact is as much as 3. 65 m, which is confirmed in ref-
erence[ 4 '51 • 
We may estimate the accuracy of geoid from the e-
quation ( 12) . The squared error of geoid is 
(36) 
Where the first term is the squared error of quasi -ge-
oid, assuming that M, = ± 2 em, M.., = ± 5 ms-2 • 
The error of the vertical gradient is M. = ±50 ns _,. 
When plugging it into equation ( 36) , we get M N = 
[ 4 + 4 + 16] 112 = ± 4. 9 em, which is close to in the 
precision of Alps mountains study in reference [ 17]. 
7 Summary 
1 ) We have derived and applied a theoretical closed e-
quation between geoid and quasi-geoid (being not a se-
ries expression, its convergence still needs to be prov-
en). With this equation, we may easily get high-preci-
sion geoid and orthometric height in mountainous and 
alpine regions. 
2) We have proposed an equation for the gradient of 
gravity anomaly , which can be used with terrain and 
rock-density data to compute the gradient in difficult 
observation areas. Our test result in the determination 
of the elevation of Mount Everest is satisfactory. 
3 ) We estimated the error of our calculation and 
found it to he small. The calculated geoid and ortho-
metric heights are very close to quasi -geoid and normal 
heights. 
4) For accurate calculation of the vertical gradient of 
gravity anomaly , we suggest the use of 1 : 10000 topo-
graphic map. H we use map or radar data, then it is 
necessary to increase the number of elevation points 
between the calculation points. Since the accuracy of 
gravity potential model is difficult to meet the needs of 
discrete-measurement points in mountainous areas, we 
recommend the use of refmed geoid by EGM 2008 and 
DEM models, or to determine the height anomaly with 
CPS-triangulation. 
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